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Abstract 
Xu, C., A necessary and sufficient condition for a graph G with diameter 5 to be 
2-diameter-stable, Discrete Mathematics 89 (1991) 319-324. 
A graph G is called an (I, d)-graph (with respect to edges), if d(G - E) d d, for each E c E(G) 
such that [El L I - 1. The I-diameter-stable graphs are (I, d)-graphs with diameter d. These two 
concepts were first proposed by Hartman and Rubin [l]. A necessary and sufficient condition 
for a graph G with diameter 2 or 3 to be 2-diameter-stable was given in [l]. A necessary and 
sufficient condition for a graph G with diameter 4 to be 2-diameter-stable was given in [2]. In 
this paper similar result was obtained for graphs with diameter 5. 
1. Introduction 
In general, we follow the notation and terminology of [ 1,3-41. In this paper all 
graphs are simple. 
Let G be a graph, V(G) the vertex set of G, and E(G) the edge set of G. The 
distance between two vertices X, y E V(G), is denoted by d&z, y), and the 
diameter of G is denoted by d(G). A pair of vertices X, y E V(G) such that 
6(x, Y) = d(G) is called a diametrical pair. 
Definition. A graph G is said to be an (I, d)-graph (with respect to edges) if 
d(G - E) s d, VE c E(G) such that IEl c I - 1. The I-diameter-stable graphs are 
(I, d)-graphs with diameter d. 
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For convenience, we renumber and restate some concepts, notations and 
results which are useful to our proof in the following. 
For X, y E V(G), we call the (x, y)-path with lengths d(G) the short (x, y)- 
path. 
Lemma A [l]. Zf G is an l-diameter-stable graph and x, y is a diametrical pair of 
vertices in G, then there are at least I edge dkjoint (x, y)-paths of length d(G) in G. 
Theorem A [l]. A graph G with diameter 2 or 3 is 2-diameter-stable iff there are at 
least 2 edge disjoint short (x, y)-paths between any pair of vertices x, y of G. 
For convenience, the (u, v) section of a path P is denoted by P(u, v), and the 
length of P(u, v) is denoted by JP(u, v)l. The length of a path P is denoted by 
IPI* 
Definition. Let G be a graph, X, y E V(G), (x #y, and x is not adjacent to y). A 
subgraph S c G, which contains x and y, is called a saw from x to y (or from y to 
x), if S is the union of two edge disjoint (x, y)-paths PI and P2, such that: 
(1) ISI = &Ax, Y) 3 2. 
(2) There is at least one internal vertex of PI on P2. 
Example. See Fig. 1. 
In a saw S from x to y, we let PI = uoul. . f u+(x, y); Pz = vovl~ . - v,_~v,; 
where x = u. = vo, y = Q-(X, y) = v,. 
Let I= {Via, Vi,, . . . , Vi,} be the set of all common vertices of PI and P2, such 
that vik = V~ E V(P2), j E (0, 1, . . . , t}; 0 Sk s m, ik+l > ik, for 0 s k s m - 1, and 
vi, = vg, vi_ = v,. 
Definition. Z 3 vi, vj are said to be near on P2 if for some k, we have Vi = Vg, 
vi = Vit+l or Vj = Vi&, Vi = Vi*+, a 
It is clear that if u = Vi*, v = Vik+, are two common vertices of PI and P2, which 
are near on P2, then IPI(u, v)l< IPz(u, v)l. 
XL-VSAY X-Y X-Y 
(a) b) (cl 
(d) 
Y X-Y 
(e> (f) 
Fig. 1. 
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Definition. Let S = PI U P2 be a saw from x to y, and U, v be two common 
vertices of PI and Pz, which are near on P2, then we call the subgraph 
P,(u, v) U P,(u, v) a sawtooth and IP,(u, v)l - (P,(u, v)l the difference of the 
sawtooth. We shall call 
Z~s(X, y) = max {IMu, u)l - IPI(4 VII> u, v are two cc.mmOn 
vertices which are 
near on P* 
the distance increasable number of the saw S. 
Clearly, deleting any edge e from a saw S from x to y in G, we still have 
4-&, Y) s 4&G Y) + w-6 Y). 
Definition. Let S be a saw from x to y, where d,(x, y) > 3, PI = 
uou1. * . U&X, y), and P2 = vovl . - - 2rt, S is called a real saw if for any two 
common vertices of PI and P2: 
u = uj, = v,,, v=ui*=v~ 12’ iI < i2 iff jI <j2. 
Definition. A real saw is said to be perfect, if each vertex of PI is a common 
vertex of PI and P2, and the difference of each sawtooth is exactly equal to 1. 
Theorem B [2]. Let G be a graph with d(G) = 4. Then G is a-diameter-stable iff 
for each pair of x, y E V(G)(x + y) one of the following two conditions is held: 
(1”) There are two edge disjoint short (x, y)-paths in G. 
(2”) There is a perfect saw from x to y with length = 3 ,.%/9_% Y in G. 
2. Main theorem 
Theorem 1. Let G be a graph with d(G) = 5. Then G tk 2-diameter-stable iff for 
each pair of x, y E V(G)(x + y), one of the following four conditions is held: 
(1”) There are two edge disjoint short (x, y)-paths in G. 
(2’) There is a real saw from x to y in G such that dG(x, y) + Za,(x, y) = 5. 
(3”) G contains a subgraph isomorphic to graph X1 such that x corresponding to 
x’, y corresponding to y ‘. Graph XI: 
.tQQq 
(4”) G contains a subgraph isomorphic to graph X,, such that x corresponding 
to the vertex u or v and y corresponding to the other. 
Graph X2: 
Proof. The sufficiency is obvious. 
Now, we prove the necessity. Let G be a 2-diameter-stable graph with 
d(G) = 5. For any x, y E V(G), 
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Case 1: d&r, y) = 1. 
Clearly there must be two edge disjoint short (x, y)-paths in G. 
Case 2: d,(x, y) = 5. 
By Lemma A, there are two edge disjoint short (x, y)-paths in G. 
Case 3: f&(x, y) = 2. 
Then in G there is a (x, y)-path P, with lPOl = 2 as following: x0. y . 
If el e2 
there does not exist two edge disjoint short (x, y)-paths in G; 
then since 
(1) 
G is 2-diameter-stable; (2) 
in G there are two short (x, y)-paths Pi (i = 1, 2), such that Pi does not contain ei, 
but has common edges with each of 4 for i = 0, 1, 2. Notice (l), lJ& e can only 
be*,_ 
, . Thus (3”) is held. 
case 4: d&,-y) = 3. 
x, - OY 
Then in G there is a (x, y)-path P,, with lPOl = 3 as following: el e2 e3 
If (l), by (2), in G there are three short (x, y)-paths & (i = 1, 2, 3), such that Pi 
does not contain ei, but has common edges with each of 4 for i = 0, 1, 2, 3. 
Investigating all of the possible cases (to avoid redundancy we will not list the 
numerous special cases here), we find that lJb, Pi must contain one of the 
following graphs as a subgraph: 
x&Q& X%%c%eaY XEfQ& x=QJ 
case 4.1 case 4.2 case 4.3 case 4.4 
Thus, (2”) is held. 
Case 5: d&x, y) = 4. 
Then in G there is a (x, y)-path PO with PO = 4 as following: Xoe, e2 - e3 _ e4 ’ ’ 
If (l), by (2), in G there are four short (x, y)-paths Pi (i = 1, 2, 3, 4), such that 4 
does not contain et, but has common edges with each of 4 for i = 0, 1,2, 3, 4. 
Investigating all of the possible cases (here we would also leave to the reader to 
list the numerous cases), we find that lJ& e must contain one of the following 
graphs as a subgraph: 
X-Y XvJTJY X-Y 
case 5.1 case 5.2 case 5.3 
x-y SY X-Y 
case 5.4 case 5.5 case 5.6 
Thus, for either Case 5.1 or Case 5.2, (4”) is held, and for each case of Case 5.3 
to Case 5.6, (2”) is held. Now, the theorem is proved. 0 
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The main theorem also has an equivalent formulation as following: 
Theorem 1’. Let G be a graph with d(G) = 5 and G contains neither graph X, nor 
graph X2 as spanned subgraph, then G is 2-diameter-stable iff for any pair of 
x, y E V(G), (x fy), either (1”) or (2”) is held: 
(1”) There are two edge disjoint short (x, y)-paths in G; 
(2”) there is a real saw from x to y in G such that dG(x, y) + Zas(x, y) = 5. 
3. Examples 
By Lemma A Condition (1”) in the main theorem can not be deleted. To show 
that each of Conditions (2”), (3’7, (4”) also can not be deleted, we give the 
following three graphs Gi (i = 2, 3,4). See Fig. 2. (Each Gj can be verified to be a 
2-diameter-stable graph with d(Gi) = 5.) Note that in each of Gi (i = 2, 3, 4) we 
labelled two vertices Xi, yi satisfying the Condition (i”) in the main theorem, but 
not the Conditions {(lo), (2”), (39, (4”)) \ {(i”)} in Gi. 
4. Conclusions 
(1) From the proof of the main theorem in this paper, we can see the real saw 
satisfying the condition given in (2”) plays an important role in the 2-diameter- 
stable graph. There are only comparatively few exceptions to the Conditions (1”) 
and (2”). So it seems that similar results about 2-diameter-stable graphs G with 
d(G) 3 6 are also tenable. But in these cases, the graphs X1 and X, may be 
replaced by a family of graphs in which the number of graphs grows larger as the 
diameter of G becomes larger. However, we will not give further discussions 
here. 
(2) It is very interesting that the examples given in Section 3 are all planar 
Fig. 2. 
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graphs. Furthermore we find the graph X1 is indeed a subgraph of X2. But we 
cannot delete the Condition (4”) in the proof. 
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